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Abstract. By Gromov's compactness theorem for metric spaces, every uniformly com- 
pact sequence of metric spaces admits an isometric embedding into a common compact 
metric space in wliicli a subsequence converges with respect to the Hausdorff distance. 
Working in the class or oriented /:-dimensional Riemannian manifolds (with boundary) 
and, more generally, integral currents in metric spaces in the sense of Ambrosio-Kirchheim 
and replacing the Hausdorff distance with the filling volume or flat distance, we prove an 
analogous compactness theorem in which we replace uniform compactness of the sequence 
with uniform bounds on volume and diameter. 



1. Introduction 

In ||5l, Gromov proved the following important result: Every uniformly compact sequence 
X„ of metric spaces has a subsequence which converges in the Gromov-Hausdorff sense to 
a compact metric space X. Recall that a sequence of compact metric spaces X„ is said to 
be uniformly compact if sup,, diamX„ < oo and if there exists a function : (0, oo) — » N 
such that for every e > and n e N, X„ can be covered by at most N{s) balls of radius 
£. In his article, Gromov in fact constructs a compact metric space Z into which every X„ 
isometrically embedsO 

In the present article we drop the condition of uniform compactness and show in our main 
theorem that, assuming only a uniform upper bound on diameter and volume, an analog 
of Gromov's result still holds if the Hausdorff distance is replaced by the filling volume 
or flat distance between Riemannian manifolds and more generally between integral cur- 
rents in metric spaces. Before stating our main result, Theorem ll.2l in full generality, we 
state a version for closed Riemannian manifolds. For this let M and M' be closed oriented 
^-dimensional Riemannian manifolds and let Z be a metric space into which M and M' iso- 
metrically embedd as metric spaces. Then M and M' may be viewed as singular Lipschitz 
A:-cycles in Z, denoted by |[M| and [M'J, and their filling volume distance in Z is defined 
as the least volume of a singular Lipschitz (k + l)-chain in Z with boundary |[M| - |[M'|. A 
special case of our main theorem can now be stated as follows: 

Theorem 1.1. Let M„ be a sequence of closed oriented k-dimensional Riemannian man- 
ifolds with a uniform upper bound on diameter and volume. Then there exists a metric 
space Z, a subsequence M„. and isometric embeddings (pj : M„^ ^ Z such that (pj(M„.) 
is a Cauchy sequence with respect to the filling volume distance in Z and converges to a 
'generalized' Lipschitz k-cycle T in Z. If ipj(M„j) converges in the Hausdorff sense to a 
closed subset Y <zZ then T is supported in Y. 
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^Given isometric embeddings i/i„ : X„ ^ Z ix then follows that a subsequence i/3„,(X„,) converges in the 
Hausdorff sense to a compact subset of Z. 
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By 'generalized' Lipschitz cycle we in fact mean integral current in Z, see below. Without 
imposing uniform bounds on diameter and volume the theorem is wrong: Let M be a 
closed oriented ^-dimensional Riemannian manifold. If M„ is constructed by joining two 
copies of M by a very thin tube of length /„ — > oo, then M„ cannot form a Cauchy sequence 
in any Z. Likewise, if M„ is obtained from joining n copies of M by tubes of length 1 
to a fixed copy of M, then M„ cannot form a Cauchy sequence either Note that M„ in 
the theorem need not have a Gromov-Hausdorff convergent subsequence in general. An 
example is given by gluing a sequence of thinner and thinner hairs to a fixed M as above. 
An analog of Theorem I 1 . 1 I holds for manifolds with boundary if the filling volume distance 
is replaced by the flat distance, see the main result below. 

A natural framework in which to formulate our main theorem is provided by the theory 
of integral currents in complete metric spaces, developed by Ambrosio-Kirchheim in | IJ, 
which extends the classical Federer- Fleming theory We recall that, given A: > and 
a complete metric space Z, the space of integral A:-currents in Z is denoted by Ijt(Z). The 
mass of r 6 Ijt(Z) is denoted by M(r). \f k > 1, the boundary dT of T is an element of 
\k-\{Z). Finally, for a Lipschitz map ip : Z ^ Z' , the push-forward ip#T of T under ip is an 
element of I|t(Z'). We refer to Section|2]for definitions and details. The main result of this 
article can be stated as follows: 

Theorem 1.2. Let k e M, C, D > and let X„ be a sequence of complete metric spaces. 
Given T„ E Ik{X„) with M(T„) + M{dT„) < C and diam(sptr„) < D for all n e N then 
there exists a subsequence T„^, a complete metric space Z, an integral current T € \k(Z) 
and isometric embeddings cpj : X„ Z such that (pj#T„ . converges to T in the fiat distance 
in Z. IfdT„ - Ofor all n eN then Fillvol(r - (pj#T„.) as j co. 

Here, given T, T' e It(Z) with A: > 0, their flat distance is given by d^iT, T') :- T{T - T') 
where 

r{S) := inf{M(t/) -I- M(y) : S ^ U + dV,U & MZ), V e Ii+i(Z)). 

Note that 

r{S) < min{Fillvol(5),M(5)) 

for all S € IiiiZ) and that convergence in the flat distance in particular implies weak con- 
vergence of T„ to r, that is, pointwise convergence. 

First applications of Theorem I L 21 aiming at the asymptotic geometry of metric spaces, are 
given in 1 14 1 . Note that in the theorem, the support spt r„ of T„ need not be compact for any 
n e N. Furthermore, the above examples show that the theorem fails without the assump- 
tions on diameter and mass and that, viewed as metric spaces endowed with the metric 
of Xn, the sequence spt T„ need not have a Gromov-Hausdorff convergent subsequence. 
We furthermore remark that Hausdorff convergence does not imply weak convergence of a 
subsequence: If, for example, Z is the unit ball of an infinite dimensional separable Banach 
space, one can construct a sequence T„ € Ii(Z) satisfying the bounds in the theorem for 
which spt T„ - Z for all n E N and T„ does not have a weakly convergent subsequence. 
However, in the setting of the theorem, if Yj :- v'/spt T„.) Hausdorff converges in Z then 
we can easily show that 

(1) spt r c lim/fFj', 

see Proposition 12. 21 Note that in this case, T has in general much more 'regularity' than 
MmnYj in the sense that T is concentrated on a countably 'K*-rectifiable set whereas MmnYj 
may be arbitrarily complicated, for example infinite dimensional. Recall that countably 
'H'^-rectifiable sets can be covered, up to an "H^-negligible set, by countably many images 
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of biLipschitz maps from R*. In joint work, Sormani and the author have recently studied 

in Q conditions which imply equality in ([TJ. In general, if spt T„ does not have a Gromov- 

Hausdorff convergent subsequence, we can still show that spt T isometrically embeds into 

the ultralimit (spt Tn.)aj, for every non-principal ultrafilter co on N, see Section|2] 

We turn to our second theorem which gives 'uniqueness' of flat limits in the following 

sense. 

Theorem 1.3. Let and (T„) be sequences as in the theorem above. Suppose there 
exist complete metric spaces Z, Z' and isometric embeddings ip„ : spt T„ '-^ Z and ip\^ : 
spt T„ Z' such that <p„#T„ converges in the flat distance to some T 6 Ijt(Z) and f'j^T,, to 
some T' e I/t(Z'). IfT^O then T' ^ and there exists an isometry : spt T — > spt T' 
with 'i'#T ^ T'. 

Note that we do not make any compactness assumptions in Theorem 11.31 A different 
formulation of the theorem wiU be given in Section|5] 

Sormani and the author have recently defined and studied in [TO'l a notion of intrinsic 
flat distance between oriented A:-dimensional Riemannian manifolds and, more generally, 
between certain countably 'TY'^-rectifiable metric spaces, which is inspired by Gromov's 
idea of Gromov-Hausdorff distance. Using this new framework developed in [TO], one can 
arrive at an elegant reformulation of the Theorems II. Ill 1.2l and 1 1.31 above. See LIOJ for 
details. 

Theorem [L2] seems to be new except in the special case that the sequence (spt T„) of sup- 
ports is uniformly compact. In this case it follows from known results as follows: By 
Gromov's theorem above, there exist a compact metric space Z and isometric embeddings 
(fin : sptT„ ^ Z. By Ambrosio-Kirchheim's Theorems 5.2 and 8.5 in |1| a subsequence 
(pn.#T„. converges weakly to an integral current T e Ik{Z). After possibly replacing Z by 
l°°(Z), Theorem 1.4 in |T3 | shows that (p„ .#T„ . converges to T in the flat distance. In the 
general case, the rough idea is to decompose T„ into the sum of two currents T,, and T'^' 
such that spt T'„ is uniformly compact and T," is close to in the flat distance. 

2. Preliminaries 

In this section we review some definitions and facts from metric geometry and geometric 
measure theory which are used throughout the paper. 

2. 1 . Gromov-HausdorfF distance and Kuratowski embedding. Let Z be a metric space. 
The Hausdorff distance dffiA, B) between two subsets A and Z? in Z is the infimum of all 
e > such that A is contained in the e-neighborhood of B and B is contained in the e- 
neighborhood of A. As mentioned in the introduction, the Gromov-Hausdorff distance 
between two metric spaces {X, d) and (X' , d') is 

dcH{X,X') infdH{ip{X),ip\X')), 

where the infimum is taken over all metric spaces Z and isometric embeddings (f : X '-^ Z 
and (f'-.X''-^ Z. It is not difficult to show that it is enough to take the infimum over all 
metric spaces Z of the form {X UX' , d), where li is a metric which coincides with d onX 
and with d' on X' . 

Given a metric space iX, d), we denote by r°{X) the Banach space of bounded functions 
on X together with the supremum norm. For fixed xq e X, the map l(x) :- d(-, x) - d{-, xq) 
defines an isometric embedding of X into I'^iX), called Kuratowski embedding. It is well- 
known that l'^(X) is an injective space for any X in the following sense: Given any other 
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metric space Y, a subset A <z Y, and a /l-Lipschitz map i/j : A — > there exists an 

extension ^ : F — > 1°°{X) of ^ which is /l-Lipschitz. 

2.2. Currents in metric spaces. The theory of integral currents in metric spaces was 
developed by Ambrosio and Kirchheim in [ 1 1 and provides a suitable notion of generalized 
surfaces in metric spaces. In the following we recall the definitions from [ 1 1 that are needed 
throughout this paper. 

Let (X, d) be a complete metric space and k >Q and let T^{X) be the set of {k + l)-tuples 
{f,Ti\,..., Uk) of Lipschitz functions on X with / bounded. The Lipschitz constant of a 
Lipschitz function f onX will be denoted by Lip(/). 

Definition 2.1. A k- dimensional metric current T on X is a multi-linear functional on 
I^{X) satisfying the following properties: 

(i) If n^. converges point-wise to tt,- as j ^ oo and if sup ^ jhipin''.) < oo then 



for all {f,nu-..,nk)&iy'iX). 

The space of ^-dimensional metric currents on X is denoted by Mi(X) and the minimal 

Borel measure /i satisfying (O is called mass of T and written as ||r||. We also call mass 

of T the number ||r||(X) which we denote by M(r). The support of T is, by definition, the 

closed set spt T of points x eX such that ||r||(Z?(x, r)) > for all r > 0. 

Every function 9 € L}{K, R) with c Borel measurable induces an element of Mi(R*) 

by 



for all (/, TTi , . . . , Kk) e £)*(R*). The restriction of T e Mk(X) to a Borel set A c X is given 
by 



This expression is well-defined since T can be extended to a functional on tuples for which 
the first argument Hes in L^'iX, \\T\\). 

If k > I and T e Mk{X) then the boundary of T is the functional 



It is clear that dT satisfies conditions (i) and (ii) in the above definition. If dT also satisfies 
(iii) then T is called a normal current. By convention, elements of Mo(X) are also called 
normal currents. 

The push-forward of T e Mk{X) under a Lipschitz map (p from X to another complete 
metric space Y is given by 




(2) 





{T^A)(f,7Ti, . . . ,71,) T{fxA,nu . . .,JTk). 



dT(f,7ri,...,7Tk-i) := T(l,f,7Ti,...,7rk-i)- 



ip#T(g, Tl, ... ,Tk) -.^ T(g O (p,Tl O tp, ... ,Tk O if) 
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for (g,Ti, . . ., T/i) 6 £)*(y). This defines a fe-dimensional current on Y. It follows directly 
from the definitions that d(ip#T) - ip#(dT). 

We will mainly be concerned with integral currents. We recall that an TY^-measurable set 
A <z X is said to be countably 'K*-rectifiable if there exist countably many Lipschitz maps 
(fii : Bj — > X from subsets B,- c R'' such that 

•H*(A\y^,(B,)) = 0. 

An element T e Mo(X) is called integer rectifiable if there exist finitely many points 
x-i, . . .,x„ e X and 6i, . . . ,6„ e Z\{0) such that 

n 

1=1 

for all bounded Lipschitz functions /. A current T e Mk{X) with A; > 1 is said to be integer 
rectifiable if the following properties hold: 

(i) ||r|| is concentrated on a countably -rectifiable set and vanishes on 'TY'^-negligible 
Borel sets. 

(ii) For any Lipschitz map if : X R'^ and any open set U c X there exists 9 e 
LHR\ Z) such that (p#(T ]_U) ^ 

Integer rectifiable normal currents are called integral currents. The corresponding space 
is denoted by Ik(X). In case X = R'^ is Euclidean space, IkiX) agrees with the space 
of ^-dimensional Federer-Fleming integral currents in R'^. If A c R*^ is a Borel set of 
finite measure and finite perimeter then IyaI e Ii:(R'^). liem,XA denotes the characteristic 
function. If T e Ik{X) and if i/j : X — > F is a Lipschitz map into another complete metric 
space then (f#T e lk(Y)- Every oriented A;-dimensional complete Riemannian manifold 
M with finite volume and finite boundary volume gives rise to an element |[M| e Ik{M). 
Moreover, every Lipschitz chain in a complete metric space X can be viewed as an integral 
current in X. Recently, a variant of Ambrosio-Kirchheim's theory that does not rely on the 
finite mass axiom has been developed by Lang in JS]. 

2.3. Filling volume and embeddings into ultralimits. Let Z be a complete metric space 
and ^ > 0. The filling volume in Z of an element T e Ik{Z) is defined as 

Fillvol(r) := inf{M(5) : S e h+iiZ) with dS = T), 

where we agree on the convention that inf = oo, that is if no 5 e lk+i{Z) with dS - T 
exists, e.g. in the case that dT + 0. 

We prove the following easy facts mentioned in the introduction. 

Proposition 2.2. Let C > and let T„ e Ik{Z) be a sequence satisfying diam(spt T„) < C 
and M(r„) < C for all n G N, and, in case ^ > 1, also M(dT„) < C. If there exists 
T e lk{Z) such that T„ converges weakly to T then we have: 

(i) For every non-principal ultrafilter a> onM there exists an isometric embedding of 
spt T into the co-ultralimit of (spt T„). 

(ii) ^spt T„ converges in the Hausdorff sense to a closed subset Y <zZ then spt T <zY. 

For the definitions and properties of non-principal ultrafilters on N and of ultralimits of 
sequences of metric spaces see e.g. 111. 

Proof. Given z £ sptT and e > there exist, by fP, Proposition 2.7], Lipschitz functions 
/, i/Ti TTj on Z with spt / c B(z, e) and such that r(/, iix,..., n^) 0. By the same 
proposition and by the definition of weak convergence there exists for every n sufliciently 
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large z„ e sptT,, such that d{z„,z) < s. This shows that for every z € sptT there exists a 
sequence Zn ^ Z converging to z such that z„ e spt T„ for every n e N. Statement (i) readily 
follows from this. As for (ii), one easily checks that the map (f{z) := [(z«)] from sptT to 
the ultralimit of the sequence of metric spaces (spt T„,dz) is isometric. Here, dz denotes 
the metric of Z. □ 

3. A DECOMPOSITION THEOREM FOR INTEGRAL CURRENTS 



The main result of this section, Theorem l3.2l is a crucial ingredient of the proof of Theo- 
rem ll.2l In what follows, we work in somewhat greater generality than would be needed. 
This will allow us to prove new isoperimetric estimates in IIT4ll . 

Definition 3.1. Let k > 2 and a > I. A complete metric space X is said to admit an 
isoperimetric inequality of rank a for lk-i(X) if there is a constant D > such that for 
every T € lk-i(X) with dT — there exists S € lk(^) with dS — T and 

(3) M(5)<D4,„(M(r)), 

where I^ a is the function given by 

, , , / ri^ < r < 1 

[ r«-' 1 < r < oo. 

In Q 6.32] the polynomial bound was termed an isoperimetric inequality of rank 
greater than a. Here we will use the shorter terminology of rank a. Isoperimetric in- 
equalities of rank k for Ijt_i(X) are called of Euclidean type. Every Banach space X admits 
isoperimetric inequalities of Euclidean type for Ik-i(X) for every k >2, see [ 11 1. 
Set A :- {(k,a) e Nx(l, oo) : ^ > 2}U{(1,0)), let y e (0, oo) and define auxiliary functions 
by 

F\fi,y(r) = yr and Gifl(r) = r 

and for a) e A\{(1,0)} 



Fk,a,y(r) := 



y ■ r* < r < 1 
y ■ r" \ < r < oo 



and 

The following is the main result of this section 



r'k < r < 1 
r« 1 < r < oo. 



Theorem 3.2. Let X be a complete metric space, (k, a) e A, and suppose in case k > 2 
that X admits an isoperimetric inequality of rank a for lk-\(X). Then for every A e (0,1) 
there exists aye (0, 1) with the following property. Abbreviate F :— Fk,a,y and G :— Gk,a 
and let 6 6 (0, 1). For every T 6 lk(^) there exist R e lk(^) <^nd Tj e I/t(X), j e N, such 
that 

OS 

andfor which the following properties hold: 

(i) dR = dT anddTj = Q for all j G N; 

(ii) For all xe spt7;\spt5r and all 0< r < min{5(5G(M(/;)),dist(x,spt5r)} 

\\R\\(B(x,r))>^5-'^''^''^F(ry, 
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(iii) M(r;) < (1 + A)vyM(T)for all j e N, where v :^ 6 if k ^ \ or v max(5\ 6"] 
otherwise; 

(iv) diam(sptr;) < 4G (y"' ^5*+"M(r^)); 
(V) M(R) + 1^ ZZi M(r,-) < M(T). 



For the exact value of y see the beginning of the proof of Proposition [X8] If ^ = 1, all 
statements of the theorem hold for /I = as well. In the proof of Theorem 13.21 we will 
need the following result, which generalizes Lemma 3.4 of 1 1 1 1 and partially Lemma 3.1 

of mi. 

Proposition 3.3. Let X be a complete metric space, k > 2, a > I, and suppose that X 
admits an isoperimetric inequality of rank a for Ij^^iiX) with a constant Dk-\ e [L'^)- 
Then for every T 6 \i-\{X) with dT — and every s > Q there exists an S & ^kiX) with 
dS — T, satisfying 

(4) M{S) < min{(l + £)Fillvol(r), Dn/,,„(M(r))} 

and with the following property: For every x e spt S and every < r < dist(.5t, spt T) we 
have 

\\S\mx,r))>Fu.aAr) 

where 

f 1 1 1 

u. :- mm { ; — > 

^ \(3D,_i)*-iaf (3£),_ir-ia^j 

with a\ :— max{^, a}. 

The proof relies on the arguments contained in |[T1 Theorem 10.6]. 

Proof. Let M denote the complete metric space consisting of all S e ikiX) with dS - T 
and endowed with the metric given by dM(S,S') := M(S - S'). Choose an 5 e Al 
satisfying (|4]l. By a well-known variational principle (see e.g. |l3l) there exists an 5 e At 
with M(5) < M(5) and such that the function 

S' >-^M(S') + UdiS -S') 

has a minimum at 5" = 5 . Let x e spt 5 \ spt T and set := dist(x, spt dT). We claim that 
ifre(0,/?)then 

( 



r > 3Djt_iai. 



(5) \\S\mx,r))>l 

First note that the slicing theorem |T Theorems 5.6 and 5.7] implies that for almost every 
r e (0, R) the slice d(S L B{x, r)) exists, has zero boundary, and belongs to I,t_i (X). For an 
S r ^ lk{X) with dS r - d{S \-B{x, r)) the integral current S \-{X\B(x, r)) + S r has boundary 
T and thus, comparison with S yields 

M(5 L (X\B(x, r)) + Sr) + ^M(S ^B{x, r) - S r) > M(5). 

If, moreover, S ,■ is chosen such that M(5r) < Z)i_i4 ^(M(5(5 L B{x, r)))) then it follows 
that 

M(5 LB(x,r)) < 3M{Sr) < 3Dk_^h,a(M{d{S LB(x,r)))) 
and consequently, 

(6) AO < 2>Du-xIk,a(li\r)) 
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for almost every r e (0, R), where y6(r) := r)). 

Set 7 :- supjr e [0, K\ : j3{r) < 3Z)t_i ) and observe that for almost every r 6 (0, 7^ 
This yields 

/3ir)> 



for all r e [0, ?] and consequently 



I3ir)> 



for all r e [0,7?], where R \- min{7?, 3Djt_iQ;i}. Indeed, it is clear that r < R and in case 
r < Rwe furthermore have 



■i 

for all r e [?, R]. This proves (|5]) for r e [0, R]. Now, if 7? > 3Dt_iQ'i then for almost every 
re[3Dt-iai,R] 

3Dk-i <P(T)</3(r) < 3Dk-ih,a(J3'(r)) 
and hence /3'(r) > 1. It follows that 

d r M /3'(r) 1 



and thus 

1 1 r - 3Di._|Q'i 
/?(r)- > /3(3Dk-iaO- + > 



(3D^_i)~Q'i (3Dk.i) — ai 
This concludes the proof of (|5]l. In order to finish the proof of the proposition it is enough 
to show the statement for r e [1, 3Dk-iai], since the other cases are direct consequences 
of (ID. We simply calculate 



\\Smx,r))>-——— > 



(3Dn)*-ia^ (3Dk-i)''-'a\(3Dk^iair-'^ 
to obtain the desired inequality. □ 

A direct consequence of the proposition is the following estimate on the filling radius. 

Corollary 3.4. Let X be a complete metric space, k > 2, a > 1, and suppose that X admits 
an isoperimetric inequality of rank a for \k-\{X). Then for every T € with dT — 

we have 



Fillradx(r) < G,,„(Ai-'Fillvolz(r)) < 



IJ.'M(T)— M(T) < 1 
fi'M(T)^ M(T) > 1, 



where 



A COMPACTNESS THEOREM A LA GROMOV 



9 



Hk,a,y(r) : = 



3.1. An analytic lemma. For (k, a) e A and y e (0, oo) we first define an auxiliary func- 
tion by 

Hi,o,y{r) = r 

and 

yk-rt U < r < y 
ya-r« y < r < oo 

if A: > 2. For the convenience of the reader we summarize some simple properties of the 
auxiliary functions thus far defined. Their properties will be used in the sequel, sometimes 
without explicit mentioning. 

Lemma 3.5. Let (k, a) e A and y e (0, oo) and set F :— Fk.a,y, G :— Gk.a, H :— Hk,a,y, and 
I '■= h,a- Then the following properties hold: 

(i) For all r>Qwe have F(5r) < 5*+''F(r); 

(ii) Ifk > 2 and v > then 

min |v* , v~ | G(r) < G{vr) < max |v ' , v" | G{r) 

for all r > 0; 

(iii) Ifk > 2 and v > then 
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min{v*,v"} r < F{vG{r)) < ymax{v*,v"'} r 



for all r > 0; 

(iv) Ifk > 2 and v > then 

min{('>'v)*,(yv)"} r < G(vF(r)) < max {(yv)',(7v) "} r 

for all r > 0; 

(v) Ifk = 1 then F'(r) = H(F(r))for all r > 

(vi) Ifk > 2 then F'(r) = kH(F(r)) when r E (0, 1) andF'(r) = aH(F(r)) when r > I; 

(vii) Ifk>2 then I(s) + /(f) < I(s + t)for all s, t > 0; 

(viii) Ifk > 2 and 1 < i-i < l/y then 

ItjiHir)) < iumax[(juy)^ ,(juy)^] ■ r 

for all r>0. 

The proof is by straight-forward verification and is therefore omitted. For the proof of 
Theorem |3.2| we need the following analytic lemma. 

Lemma 3.6. Let {k, a) e A, y e (0, 1), and abbreviate F :- Fk,a,y and H :- H^ a y. Let 
furthermore tq > and suppose f : [0, ro] — > [0, oo) is non-decreasing and continuous 
from the right with fir^) < 5"**^"^F(r()) and such that 

r, max {r e [0, r,,] : f{r) > Fir)] > 0. 

Then r, < ro/5 and there is a measurable subset K c (r,, ro/5) of strictly positive Lebesgue 
measure such that 

f(5r) < S'^yir) and f'(r) < (k + a)H(f(r)) 

for every r e K. 

This lemma will be applied with f(r) the mass in a ball of radius r of an integral current. 
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Proof. First of all, if r, > ro/S then it follows that 

which contradicts the hypothesis. This proves that indeed < ro/5. Now suppose that for 
almost every r e (r», ro/5) we have 

either f{5r) > 5*+'7(r) or fir) > (k + a)H(f(r)). 

Define 

< := inf [r 6 [r., ro/5] : /(5r) > 5*+'7('-)} , 
where we agree on inf = oo. It then follows that > r, since otherwise 
F(5r,) < 5*+"F(r.) = 5*+"/(r.) < /(5r,), 

in contradiction with the definition of r,. If A; = 1 then set r" :- min{r^, ro/5} and note that 
fir) > y for almost every r € (r», r") and thus /(r") > /(r,) + y(r" - r») = yr", which 
is impossible. If, on the other hand, k > 2 then we distinguish the following two cases. 
Suppose first that r» < 1 and set r" :- min{l, ro/5, r'J; observe that r" > r, and /(r") < y. 
Consequently, we have 

dr^'^i kf(rn- kfrn 
for almost every r e (r,, r") and hence 

/(O^ > fir,)' + yhr'^ - r,) = y^r", 

which is not possible. Suppose next that r, > 1 and set r" min{ro/5, r'^]; observe that 
r" > r, and /(r") > y, from which we conclude analogously as above that 

± \fir)'A = > ik + a)Hifir)) ^ 

for almost every r e (r,, r") and thus 

fir':)">fir,)'+y'ir':-r*)>y"r-':, 
again a contradiction with the definition of r». This concludes the proof of the lemma. □ 

3.2. Controlling the thin parts of a current. Let X be a complete metric space and fix 
ik, a) 6 A. The following set which we associate with an element T e \kiX) and constants 
y e (0, 1) and L € (0, oo] will sometimes be referred to as the thin part of T, 

D.iT,y,L) [x e sptT : 0.^(||r|U) > ^ and \\T\\iBix,r)) < U''-'^"^Fk,a,yir) 
^ m 2 

for an r € [0, min{L, dist(x, spt5r)}]|. 

Here, Uk denotes the volume of the unit ball in R*^. Note that in the above we explicitly 
allow the value L - oo. Furthermore, we agree on the convention dist(x, 0) = oo. It should 
be remarked that Q.iT,y,L) also depends on a even though we omit a in our notation. 
The inequality involving the lower density is satisfied for ||r||-almost every jc e sptT if 
y < ojkk^''^^ by 1 1 1. It is not difficult to see that Q(r, y, L) is then ||r||-measurable and that, 
in case dT - 0, we have Q(r, y, oo) = spt T up to a set of ||r||-measure zero. 

Lemma 3.7. Let X be a complete metric space, ik,a) e A, and y e (0, a), where a :— 
min{l, Wife"*^^}. Abbreviate F :— Fk^a.y, G :— Gk,a cind H :— Hk^a.y Let furthermore 
T € \kiX) and L € (0, oo]. Then there exist finitely many points xi, . . . ,xt^ e ^^(7", y, L) and 
ii, . . . , e (0, oo) with the following properties: 
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(i) With A G(y-^\\T\\(B(xi, s,))) we have 

^ < s; < min i dist(x;, sptdT), 2 ■ 5*+"a| 

(ii) B(xi, 2s,) n B(xj, 2s j) = 0/or all i + j 

(iii) T^B(xi,sdeh(X) 

(iv) i5-(*^«)F(s,) < ||r||(B(x,-,s,.)) < F(sd 

(V) M(5(r L Si))) <(k + a)H{\\T\\(B(xi, s,))) 

(vi) Zli \\Tmxi,Si)) > 5-(*+«>||r||(Q(r,r,L)). 

We note that in the above we allow = if \\T\\{Q.(T, y, L)) = 0. 

Proof. For each x e Q.(T, y, L) set 

Ur):^\\T\mx,r)) for r e [0, oo) 
and note that fx is non-decreasing and continuous from the right. Define furthermore 

ro(jc) := inf |r e [0,min{L,dist(x,spt5r)}] : ||r||(B(jt;, r)) < ^5"<*+''>F(r)| . 

Since 

liminf^ =w,0.,(||r|U)>r, 

it foUows that ro(x) > and 

r.(x) := max {r e [0, roW] : f^r) > F{r)} > 0. 
Note that we also have 

(7) ro(x) = G{y-'F{n,{x))) = G{2y-' S'^^MiT)) 

and /f(ro(ji:)) < 5"'^*^"'F(ro(x)). Lemma [33] and the slicing theorem for rectifiable currents 
imply that there exists for each x e Q.{T, y, L) an r{x) e ro(x)/5) such that 

(a) T^B{x,r(x))eUX) 

(b) ||r||(B(x,r(x)))<F(r(x)) 

(c) \\T\mx,5r{x))) < 5*+''||r||(B(^,r(x))) 

(d) M(5(r L B{x, rix)))) < f'Mx)) < (k + a)H(\\T\mx, r(x)))). 

The points xi, . . .,xn and the radii si, . . .,sn are now constructed as follows: Set Q.i :- 
Q.{T,y,L) and s* := sup{r(x) : x e Qi). From d?) it follows that Sj < oo. Choose xi € Qi 
in such a way that r(xi) > |s*. If xi , . . . , jcy are chosen define 

Q;+i Q(r, r, L)\ y B{xi, 5r(x,)) 

!=1 

and 

s*+i := sup{r(x) : x e Qj+i). 

If ||r||(Qj+i) > we can choose xj+i e Qy+i such that r(xj+i) > f^'+p This procedure 
yields (possibly finite) sequences xj e Q^, Sj > ^ • ■ ■ > 0, and s, ;= r{xi). We show that 
for a suitably large the so defined points and numbers have the desired properties stated 
in the lemma. We first note that, by (b) and the definition of ro(x), 

i5-(^+'^>F(5,) < ||r||(B(x„s,)) < F(s,), 
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which proves (iv). Property (i) follows from this and the fact that s, - G(y 'F(s,)). Fur- 
thermore, we have 

d(xi, Xi-i-e) > 5si — 2s,' + 3si > 2s; + 2s* > 2s; + 2s,+f 

and thus we obtain (ii). Properties (iii) and (v) are direct consequences of (a) and (d), 
respectively. We are therefore left to show that (vi) holds for some e N. On the one 
hand, if ||r||(f2„+i) - for some n e N then (c) yields 

n n 

^ \\T\\iB{xi, sd) > 5-^'^"> \\T\mxi,5sd) > 5-<^+"^||r||(n(r, y, L)), 

i=l 1=1 

which establishes (vi) and thus the lemma with N - n. On the other hand, if ||r||(f2„) > 
for all n E N then it follows easily that s* \ 0. Indeed, this is a consequence of the fact 
that 



^-ik.a)Y^pl A < ^ -5-(*+">F(s,) < 2 \\T\mx;^sd) < M{T) 

/=1 ^ ' 1=1 1=1 



< oo. 



Furthermore we claim that 



WW 



Q.{T,y,L)\[^B{xi,5si) 



i=l 



= 0. 



If this were not true we would have x e y, L)\ Uj^j B(xi,5si) and since r(x) > we 
would obtain a contradiction with s* \ 0. The rest now follows as in the case above. □ 

3.3. Proof of Theorem l3.2l The following proposition is an intermediate step on the way 
to the proof of the main theorem of this section. The proposition shows how to construct 
a suitable decomposition of a current T e Ik{X) in a way that helps to reduce the set 
Q(r,7,L). 

Proposition 3.8. Let X be a complete metric, (k, a) € A and suppose in case k > 2 that X 
admits an isoperimetric inequality of rank a for Ik-i(X). For every A e (0,1) there exists 
y e (0, 1) with the following property. Set F :— Fk,a,-y ond G :— Gk,a- Then for every 
L € (0, oo] and T e lk(X) there is a decomposition 

T ^R + Ti+--- + Tn 

with R, Ti 6 I;t(^) such that 

(i) dR = dT and dTi = 

(ii) M(r,)<(l+^)F(L/5) 

(iii) diam(sptr,) <4G(7"' j^5'^+''M(r,)) 

(iv) M{R) + M(r,.) < M(r) 

(V) 2:f=i M(r,.) > (1 - ^)5-(*+«)||r||(Q(r,r,L)). 

We will prove that for A; = 1 all the properties above also hold with A-Q. 
Proof If A; = 1 then set y := 1/2. If > 2 then define 

y :- — — mmlA'''^ ,A"'^ ,a)kk'^ with A:- 

k + a I ' ^ J 3Dk^i(k + a) 

and where Dk-\ denotes the constant in the isoperimetric inequahty for \k-\{X). We may 
of course assume that Dk-\ > 1. We may furthermore assume that \\T\\{Q.(T,y,L)) > 
since otherwise we can set R .= T and there is then nothing to prove. Let xi, . . .,xn e 
Q(r, y,L) and si, . . . , s^ e {Q,co) be as in Lemma [TTl Fix / 6 {1, . . . ,A^}. If A; = 1 then set 
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M(S i) < A\\T\mxi, Si))<AF(si) 



r, := r L B(xi, Si) and note that M(5r,) < y < 1 and thus <9r, = 0. If, on the other hand, 
k > 2 then choose Si € Ik(X) such that dS , - d(T L. B{xi, 5,)) and with the properties of 
Proposition l3.3l We have 

(8) M{Si) < Dk-xIk.amd(T^B(xi, Si)))) < MT\mxi, s,)), 

where the second inequaUty follows from (viii) of Lemma l3.5l and the definition of y. Next 
we have that sptS i c B(x,, 2s,). This is indeed a consequence of Proposition [33] (iv) of 
Lemma [331 the fact that 

Ay ■ Si < 1 
Ay ■ s" Si > I, 

and the choice of y. Thus T, := T L. B{xi,Si) - 5, satisfies T,- e lk{X), dTi = and 
spt Ti c B{xi, 2s,). From (O we see that 

(9) (1 - A)\\T\\(B(xi, Si)) < M(Ti) < (1 + A)\\T\\(B(xi, s,)) 
and thus 

M(r,) < (1 + A)\\T\mxi, Si)) < (1 + A)F(si) < (1 + A)F(L/5), 

which proves (ii) of the present proposition. Note that the above conclusion holds with 
/I = in the case k = I. We proceed as above for every / e {1, . . . , A^} and note that 
in each step of the construction only the ball B(x,, 2s,), which is disjoint from the other 
balls, is affected. We thus obtain cycles Ti, . . . ,7^ and we claim that these together with 
R :- T - Ti - ■ ■ ■ - Tn have the properties stated in the proposition. Indeed, (i) is obvious 
and (ii) has already been proved. As for (iii) it is enough to note that diam(spt T,) < 4s, 
and that, by (iv) of Lemma [331 and by (|9]l. 

Si = Giy-'Fisi)) <G^y-'j^5'^''MiTi) 

Again, if k - I then the above holds with A = 0. Now, our construction yields 



M(R) < \\T\\ 



X\[jB(xi,Si) +AY^\\T\mxi,Si)) 



1=1 J 1=1 

N 



= M{T)-{l-A)Y^\\T\\{B(xi,Si)) 



;=1 

<M(r)- — ^M(r,) 

/=i 

from which (iv) follows. Note that in the case A: = 1 we have R = T \_ {X\ U^^ B{xi, s,)) 
and r, = r L B{xi, s,) and hence 

N ( ^ \ ^ 

M(R) + 2 M(r,.) = lini X\ \J B(xi, Si) + ^ WTWiBixi, s,)) = M(T). 

1=1 V ,= i / ,= i 

Finally, we use (vi) of Lemma lTTl together with ^ to calculate 

N N 

J]M(Ti) > (l-A)J]\\T\\{B(xi,Si)) > {l-A)5-'-''-"^\\T\mT,y,L)). 

1=1 /■=! 

This establishes (v) and concludes the proof of the proposition. □ 

We are now ready for the proof of the decomposition theorem stated at the beginning of 
the section. 
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Proof of Theorem \3 .2\ Let y be as in Proposition |3.8l Set Rq :- T and A^o :- 0. Successive 
application of Proposition 13.81 yields possibly finite sequences (/?,), (Tj) c IkiX) and a 
strictly increasing sequence of integers A^i < N2 < ■ ■ ■ such that for every / e N U {0} 

^1 - Ri+i + Tn.+i + • ■ • + Tn,^, 

and such that the following properties hold: 

(a) dRi = dT and dTj = for all /, ; 

(b) M(r;) < (1 + A)vyM(Ri) for all ; e {Ni + 1, . . . ,M+i} 

(c) diam(spt Tj) < AG (y"' ^5*+''M(r^)) 

(d) M(/?,.+i) + Z^^^^.^j M{Tj) < M{Rd 

(e) Z^+i M(r,) > (1 - i)5-<*+«)||/?,||(Q(/?,-,r,i,)). 

Here, L, is defined by L,- := 5(5G(M(7?,)) and v := 5 if A: = 1 and v = maxlcj*^, 5"") otherwise. 
Property (b) follows from (iii) of Lemma [331 and the definition of L, . We note that in the 
case k - 1, all the properties above hold with A -Q. We thus obtain for each / e N U {0} a 
decomposition 

Ni 

which, by property (d), satisfies 

I- A 

(10) M(Rd + — Yj ^(7^;) ^ M(r), 

>=i 

or, if A; = 1, 

M(R,) + J] mTj) = M(r). 

M 

In particular, we have 

00 

M(Ri^,„ - Ri) = M(rw,+i + ■ ■ ■ + r^,^j < 2 M(r,) ^ o 

as / — » 00, thus the sequence (/?,) is Cauchy with respect to the mass norm. Since the 
additive group of integer rectifiable fc-currents together with the mass norm is complete, 
there exists R e IkiX) such that M{R - /?,) — > and, in particular, 

00 

T^R + Y,Tj. 

Clearly, we have dR - dT and thus property (i) holds. Properties (iii), (iv) and (v) are 
direct consequences of (b), (c) and ( fTOb . respectively. We are therefore left to establish (ii). 
For this let x e spt R\ spt dT and 

< r < min{5(5G(M (/?)), dist(x, spt5r)}. 

Observe that 

\\RMB(x,t))^\\Rmx,t)) 
and \\R\\(B(x, f)) > for all t e (0, r]. Fix < i < r and e > 0. By (e) and ^ we have 

\\Rim(Ri,7,Ld)^0. 
There thus exist /q e N and x' e spt/?,„ with d(x, x') < s, 

\\R\mx,r))>(l-e)\\RJ{B(x,r)) 
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and such that 

||/?,J|(fi(x',r-^))> l5-(*+«'F(r-i). 

It finally follows that 

\\R\\(B(x,r))>(l-s)\\RJ(B(x,r)) 

>(l-e)\\Ri,mx',r-s)) 

Since s and s were arbitrary this establishes (ii) and completes the proof of the theorem. □ 
We end this section with the following easy but useful lemma. 

Lemma 3.9. Let k >2, a > 1 and < A,6 < 1. IfL > and < f, < 6L are such that 

CO 

AY^ti<L 

i=\ 

then 

Yj ^kjti) < ^£±^dl max {(2^)1^, (25)^ } hJL). 

Proof. Pick finitely many integer numbers =: mo < mi < m2 < ■ ■ ■ < nij^ with the 
property that 

6L < f,„,_|+i + ■ ■ ■ + t,„. < 26 L 

for each ; = 1 , . . . , jo and 

OS 

J] t„<6L. 

Then jo < ^ and hence 

/ 

oo Jq CO 

i=l /=1 \n=mjQ + l 

< -^h.a(26L) + h.a{5L) 

Ad 



^ 2(1 + 6A) 



miix{(26)^,(26)^}hAL). 



A 

We note that the inequality in the first line above is a consequence of (vii) of Lemma [ 

□ 

4. Proof of the compactness theorem 

Let X,X',X" be complete metric spaces with the property that X isometrically embeds 
into X' and X' into X". Let k > 1 and suppose X" admits an isoperimetric inequality of 
Euclidean type for IkiX") with some constant 0^. If k > 2 then suppose furthermore that 
X' admits an isoperimetric inequality of Euclidean type for Ik-iiX') with some constant 
Dk-i. 

Choose a sequence 5 > /li > /I2 > ■ • • > of numbers satisfying 



16 



STEFAN WENGER 



If A; = 1 set y, := ^ for all ; > 1, if ^ > 2, let y, = yiAj) be the constant of Theorem 13 .21 
corresponding to /I,. 

Lemma 4.1. Given a sequence j> 5\ > 62> ■ ■ ■ > Q and T 6 Ijt(X) f/iere ex/if sequences 
T',S' e li(X') 5Mc/! that for all m e N 

r = r' + --- + r" + 5"" 

ant/ the following properties hold: 

(i) 5r' = 5r anddTJ^^ = 55 ' = 0/or aZ/ ; > 1; 

(ii) M(T^) + ■■■+ M(r'«) + MiS") < 2M(T); 

(iii) For every 1 < j < m — I 

Fillvolx"(r^+' +--- + T'"+S"')< lOSDk6jM(T)^; 

(iv) For every j > 1 and all x € spt 

(11) lir^lP(^,'-))> ^^-r' 

whenever < r < min{55;M(r-')r,dist(x, sptcJr-')). 

Here we use the convention that dist(x, 0) - oo. In particular, so (fTTT l holds for all < r < 
55yM(r^)* whenever j > 2. The proof will show that if = 1 we may replace (ii) by 

M(r') + • ■ ■ + 1^(0 + Mis'") = M(T). 

Proof. Fix 6,Ae (0, 1/2) and let T' e ItiX'). Suppose T' - R + JJ^j T, is a decomposition 
as in Theorem l3.2l Setting r' : = /? and 5 ' := 7^/ we obtain 

M(r') + ^— ^M(5') < M(r), 

1 + A 

orM(ri) + M(5') = M{T') if k = 1. By Lemma[3H we obtain 

Fillvol;,„(5') < (2 + 2A)^yi [1 + (1 - ^)^^y] ^^^^(rO^ < 27D.^M(rO^. 

1 — /I 

Using such a decomposition procedure successively with 6i, Aj we obtain a decomposition 
with the desired properties. □ 

Proposition 4.2. Let (X„, <i„) Z^e a sequence of metric spaces and, for each « e N, subsets 

bI c bI <z bI c ■ ■ ■ <z X„. 

If for every i e N the sequence (B'^, d„) is uniformly compact then there exist a complete 
metric space Z, a subsequence X„^^^, isometric embeddings (pm : X„^^^ Z and compact 
subsets y' c c ■ • ■ c Z and 

(Pm{B'„J c Y' for allm eM and i e N. 

Proof. Choose for all n, ; e N a maximally 2"'-separated subset 

{x(n, i, 1), x(n, i, 2), . . . , x(n, i, m(n, i))} C BJ,. 

Clearly, sup„ m{n, i) < oo for fixed / e N. After passage to a diagonal subsequence we may 
assume without loss of generality that for each Iq e N we have m{n, Iq) - ot,-„ for every 
n > /() and that 

(12) \d„(x(n, i, k), x(n, i', k')) — d„+i(x(n + l,i, k), x(n + 1, ;', k'))\ < 
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for all n > if,, 1 < /, /' < /q, 1 < k < m, and 1 < A:' < m,v . We define a metric d" on 
the disjoint union X" := Xi U X2 U ■ ■ ■ U X„ iteratively as follows. For n - I simply set 
c/' :- di. If « > 2 and if the metric li" ' on X" ' has already been defined then we let d" 
be the unique metric on X" - X""' U X„ which equals d"^^ on Z""', equals d„ on X,, and 
which, for x e X„ and x' e X""', is given by 

d"(x, x') ^ + mm{dn{.x, x(n, i, k)) + d"^^{x', x(n - k))] 

where the minimum is taken over all /, k satisfying 1 < i < n - I and 1 < A: < ;«,. Using 
(fT2l l it is trivial to check that d" is indeed a metric. Finally, define Z to be the completion 
of UX" with the metric coming from d". Clearly, the natural inclusion from X„ to Z is 
isometric for every n. We now show that for fixed / the set B' := U,^i as a subset of Z, 
is pre-compact. For this, note first that for each /, all «>«'>/ and I < k < m, 

n- 1 «- 1 , 

d"(x(n, i, k), x(n', i, k)) < ^ d'^\x{l, i, k), x(l + 1, /, k)) < ^ 2"<'+" < — . 

l=n' l=n' 

It follows that B\, lies in the (2'"' + 2""') -neighborhood of B\^,. Let e > and choose n' > i 
so large that 2"" < e/8. Then U«>n'+i B", is contained in the | -neighborhood of B"^,^-^. 
Since BJ, c BJj for all n, we can cover B' by finitely many balls of radius s. This proves 
pre-compactness of B'. Thus, i" := B' is compact and this concludes the proof. □ 

We are ready for the proof of the compactness theorem. 



Proof of Theorem \1.2\ Let Dk-i, Dk-\ and Dk be suitable constants and X„ c X'„ <z X'J 
complete metric spaces with the following properties: Firstly, X" admits an isoperimetric 
inequality of Euclidean type for Ik(X'') with constant Dk- Secondly, if A; > 2, every closed 
ball B c X'^ admits an isoperimetric inequality of Euclidean type for I<._i(B) with constant 
Z)i_i and, in case A > 3, also one for It-2iB) with constant Z)i_2- A possible choice would 
be X'^ = = L"(X„). 

Fix sequences 1 = 71 < y'2 < y'3 < . . . of integers and i > (Ji > ^2 > ■ ■ ■ > of real 
numbers satisfying 



); < 00. 

i=l 

Let T„ € lk(Xn) be as in the hypothesis of the theorem and choose closed balls B„ c X'^ of 
radius D such that spt T„ c B„. If A = 1 then set f/,^ := € If A > 2 then let 

dT„ = w„' + ■ ■ ■ -H + 

be decompositions as in Lemma|4T|with U'„, e We may assume without loss 

of generality that for each « e N, all V™ and W'„ are supported in B„. Set W/,"^^ :- vt - 
Wi"^' + Vi"^' and, for 1 < / < j„, set W„ W^. By Proposition[33]there exists U'„ e lk(B„) 
with dUl = Wi and M(t/;;) < 2Fillvol(W^) and 

(13) \\Kmx,r))> 



(3Dn)*-iA* 

for all X e spt U'„ and every < r < dist(ji:, spt W,",). In particular, we have 

M{Ul) < 2Fillvol(W,|) < 2 ■ 2^ Dk-iMidTn)^ < 2 ■ 2^Dk-iC^ 
and, for 2 < i < j,,, 

MiUij < 2 (Fillvol(W;, + + Vi;^) + Fillvol(W^+' + Vi;^)) < 2l6Dk-i{6i-i + (5,)Cf 
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and finally 

M(f/,t^') < 2Fillvol(W;J"^' + vt^^) < 2l6Dk-i6jC^. 
From this it follows that 

jn + l 

(14) ^M(J/;)<2Z)nCf^(2i^ +216A) 

i=l 

and, for 1 < L < j„, 

(15) ^(^"^ - 432DnCJ^ ^^y. 

i=L+l i=L 

Note that the right hand side of (fTSl l tends to as L ^ oo. Set 

T„ T„ - J] U'„ 

i=\ 

and note that f„ E \k(B„). If = 1 then dT„ = r„; if > 2, then dT„ = and, by (O, 
M(f„) < C + 2Dt_iCJ^ (2^^ + 216A) . 

Let t„ - TI + ■ ■ ■ + TI" + si" be a decomposition as in Lemma \4~T\ with T'„,Si' € Ijt(X',). 
We may again assume without loss of generality that for each n e N, Si" and all J" are 
supported in B„. For each / e N define 

min|i,;„| 

U (sptr:usptf/„o. 

V=I 

It follows that, for fixed /, the sequence (Bj,) is uniformly compact. This follows from the 
volume growth properties of W^, f/^ and for v - 1, . . . ,min{/, /'„}, see (fTTT l and ( fT3l l. 
and from the fact that c?f „ = if ^ > 2, or that spt{dT„) consists of a uniformly bounded 
number of points if k = 1. Hence, by Proposition l4.2l there exist a complete metric space 
Z, isometric embeddings i^,„ : X^' Z of a subsequence X," and compact subsets Y' cz Z 
with c c . . . and 

iPm{B'„ J c Y' for all m 6 N and ; e N. 

After possibly replacing Z by L°°{Z) we may assume without loss of generaUty that Z is 
quasiconvex and admits a cone type inequality for I/(Z), for / = 1 , . . . , A;, in the sense of 
lfT3i . After possibly choosing a diagonal sequence we may assume by the compactness 
and closure theorems for integral currents 1 1 1 that for each ; fixed, (/j„,#r^ ^ T' and 
i^,„#f/',^^ ^ U' as m — > oo for some T' , U' e Ik(Z). For every L > 1 we have, by ( fT4b . 

L L 

(16) ^M(t/') < liminf ^M(f/; j < 2D^_iC^ (2^^ +216A) 
/=i 1=1 

and analogously 

L 

(17) M(r') < 2C + 4D^_iC^ (2^^ + 216A) , 

!=1 

furthermore 

L 

Yj^idU') < 2C. 
1=1 
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It foUows that T YZi'^T' + U') e 1^(2). We finally show that 

"FiT - (p„#T„^J — > as OT —> oo. 
For a fixed L € N and large enough m we write 



T - Y/r' + U') + YJJ' - V,n#nj + Y}U' - iPm#U'„J 



Jl'lU 



By ( fTSl l. ( fT6] l and ( fTTT i. the expressions in the first and last brackets converge to in mass 
as L oo and therefore also in the flat norm. Each term in the two sums in the middle 
converges weakly to as m oo. Since Z is quasiconvex and admits cone type inequalities 
it follows from |13| that their flat norms also converge to 0. Finally, the filling volume of 
the remaining expression is arbitrary small when L is large, by (iii) of Lemma 14. II Letting 
first m and then L tend to infinity we conclude the proof. As for the last statement in 
the theorem, it is enough to note that, by |13|, weak convergence, flat convergence and 
convergence with respect to filling volume are equivalent in Z. □ 



5. Uniqueness 
Theorem ll.3l is a consequence of the following result . 

Theorem 5.1. Let Z,Z' be complete metric spaces, k > 0, and T € Ijt(Z), T' e Ijt(Z') 
integral currents whose supports have finite diameter. Suppose there exist complete metric 
spaces Zn, isometric embeddings g„ ; spt T Z„ and : spt T' Z„ such that 

r(g„#T - e;#r') 0. 

IfT + Q then T' and there exists an isometry *F : spt T ^ spt T' with ^'#T - T'. 

Proof. Suppose T 0. By Lemma 2.9 of UJ there exist compact sets Ci c C2 c ■ ■ ■ c Z 
and C; c q c ■ ■ ■ c Z' so that \\T\\(Z\Ci) < 2~' and \\T'\\{Z'\C'.) < T' for all / > L For 
!, n e N set 

b;, :=£)«(c,)ue;,(c;) 

and note that Z?,' c c ■ ■ ■ c Z„. We claim that for fixed / 6 N, the sequence (B|,) has 
uniformly bounded diameter. Suppose, in the contrary, that there exist 7? > and z„, z„ £ Z„ 
satisfying £/z„fci,z«) — » °° and 

^„(sptr)cB(z„,7?) and e;,(spt T') c B(z„,7?). 

By Proposition |3.3| there exist f/„ e Ij;(Z„) and y„ e It+i(Z„) with 

e„#r - q\^^t = t/„ + 5y„, 

and such that M(f/„),M(y„) — » 0. After possibly replacing Z„ by r°{Z„) we may assume 
that U„ and V„ have the volume growth property of Proposition ^ . 3 1 In particular, it follows 
that for R' > Q large enough, t/„ and V„ have support in B{z„,R' /2) U B{z„,R' /2). The 
sUcing theorem in Q then implies that 



g#„T = (g„#T - g'„#T')^ B(zn,R') ^ U'„ + dV'„, 



20 



STEFAN WENGER 



for all sufficiently large n. Here we abbreviated f/^ := U„\_B(z„, R') and V'„ :- V„\_B(z„,R'). 
Now, let t : Z /°°(Z) be a Kuratowski embedding. For each n choose a 1-Lipschitz 
extension : Z„ — > l°°(Z) of l o g^^ . Then 

t#r = rin#U'„ + d{rin#V'„). 

Since M{U'„) and M{V'„) tend to it follows that T{T) = in r{Z) and thus T = 0. 
Since we assumed that T + Q this proves our claim on (Bj,). It thus follows that for fixed 
/ e N, the sequence (BJ,) is uniformly compact. After passing to a suitable subsequence 
we may assume by Proposition 14.21 that there exist a complete metric space Z", isometric 
embeddings if/„ : Z„ ^ Z" and compact subsets F' c c ■ ■ ■ c Z" such that 

i//„(B'„) c r for all n € N and / E N. 

Consider the isometric embedding og„ : spt T Z" and first note that og„(Ci) c Y'. 
Therefore, after passing to a subsequence, t//„ o g„ converges pointwise to an isometric 
embedding : sptT Z", uniformly on each C,. We now claim that {ip„ o g„)#T 
converges weakly to t//#T. Indeed, for /, ttj e Lip(Z") with / bounded, we have 

\{il/n ° Qn)#T{f, n) - t//#T{f, 7t)\ 

< \T(f o i/r„ o p„ - / o i/r, ;r o i/r„ o g„)\ + \T(f o i/r, :?r o i/r„ o g„) - T(f o i/r, ;r o 

The first term converges to as n —> oo by the choice of C, and the definition of mass. The 
second term converges to by the continuity property of currents. This shows that (if/„ o 
g„)#T converges weakly to i/'#r, as claimed. Analogously, after passing to a subsequence, 
we may assume that i/'„ o g'^ converges pointwise to an isometric embedding i^' : spt T' ^ 
Z", uniformly on each C. and that (t//„ og'^^)#T' converges weakly to 4''#T'- Finally, we have 
i/'#r = tf>'^T' because in the following equality 

iJ/#T - ip'^T' = [iff#T - (iJ/„ o g„)#T] + [(ipn o g'„)#T' - ip'#T'] + i^„#(g„#T - (p'„#T') 

all terms converge weakly to 0. Indeed, for the first and second term, this was shown above. 
For the third term this follows because 

nMg„#T - g'„J')) < T{g„#T - g'„J') 0. 

This shows that t/^#T = t/^'^T' and hence 

(A(sptr) = spt(iA#r) = (A'(sptr). 

It follows that 'I' := i^'"' o : spt T ^ spt T' is an isometry which satisfies ^'#T - T'. a 

We are ready for the proof of the uniqueness result stated in the introduction. 

Proof of Theorem \1.3\ Let (Z, d) and (Z', d') be metric spaces as in the hypothesis. Let d„ 
be the unique pseudo-metric on F := Z U Z' agreeing with d on Z, with d' on Z' and so that 

dn(z,z') := \nf[d{z,ipn{x)) + d'((p'„{x),z') : x e sptT,,} 

for all z E Z and z' e Z'. Let (Z„, d„) be the completion of the metric space associated with 
(Y, dn) and let p„ : spt T Z„ and g'„ : spt T' ^ Z„ be the natural inclusions. Clearly, g„ 
and g'„ are isometric embeddings and satisfy 



r(g„#T - g'„#r) 0. 
The theorem now follows from Theorem l5.Il 



□ 
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